ON THE KRULL DIMENSION OF THE DEFORMATION RING 
OF CURVES WITH AUTOMORPHISMS 

A. KONTOGEORGIS 



Abstract. We reduce the study of the Krull dimension d of the deformation 
ring of the functor of deformations of curves with automorphisms to the study 
of the tangent space of the deformation functor of a class of matrix represen- 
tations of the p-part of the decomposition groups at wild ramified points, and 
we give a method in order to compute d. 



1. Introduction 

Let X be a non-singular projective curve denned over the field k, and let G be 
a fixed subgroup of the automorphism group of X. We will denote by (X, G) the 
couple of the curve X together with the group G. 

A deformation of the couple (X, G) over a local ring A is a proper, smooth family 
of curves 

X -> Spec(A) 

parametrized by the base scheme Spec (A), together with a group homomorphism 
G — ► AutA^) such that there is a G-equivariant isomorphism <fi from the fibre over 
the closed point of A to the original curve X: 

4> ■ X «i Sp cc(A) Spec(fc) -> X. 

Two deformations X\ , X 2 are considered to be equivalent if there is a G-equivariant 
isomorphism ip, making the following diagram commutative: 

X\ >■ Xn 



SpecA 

Let C denote the category of local Artin algebras over k. The global deformation 
functor is defined: 

{Equivalence classes 
of deformations of 
couples (A", G) over A 

The deformation functor D g i of non singular curves together with a subgroup 
of the automorphism group, admits a pro-representable hull R as J. Bertin and A. 
Mezard proved using Schlessinger's [23 approach. 

The Krull dimension of the hull is in general smaller than the dimension of 
the tangent space of the deformation functor; there are obstructions preventing 
infinitesimal deformations to be lifted. 
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The study of obstructions, and therefore the study of the ring structure of the 
hull, is a difficult question but it has been done for ordinary curves by G.Cornelissen 
and F. Kato 0. 

J. Bertin and A. Mezard proved a local-global principle O th. 3. 3. 4, cor. 3.3.5], 
that reduces the problem of computing the Krull dimension, to the computation 
of the dimension of a local deformation functor attached to each wild ramified 
point. The main difficulty for the study of obstructions, is that the obstructions to 
such liftings are reduced to obstructions of lifting representations from the groups 
Autfc[[i]] to Autyl[[t]], where A is a local Artin algebra with maximal ideal m, such 
that A/m = k. The automorphism group of the ring of formal powerseries is a 
difficult object to study. In this paper we try to reduce the problem of these liftings 
to a similar lifting problem involving general linear groups. 

In order to make the presentation and the calculations simpler, we will restrict 
ourselves to subgroups of the automorphism group that have order a power of p. 
Equivalently, for all decomposition groups at various points P of the curve, we 
assume Gq(P) = G±(P), where Gi(P) denotes the ramification filtration of the 
decomposition group at a ramified point. 

We will give criteria depending on the Weierstrass semigroup structure on the 
wild ramified points, (Prop. 13.141 Cor. I3.1tj|) that allow us to connect liftings of 
representations to AutA[[<]] with liftings of representations of general linear groups 
and the deformation theory of such representations is better understood. If these 
conditions do not hold, then we can restrict ourselves to a subfunctor T> c D by 
posing the desired conditions as deformation conditions in the sense of B. Mazur 
21, p. 289]. Then the new subfunctor also has a hull Rx> and dim*, i?x> < dim^ R. 

We have to mention that our approach does not give us the ring structure of the 
hull, but provides us with a method to compute its Krull dimension. 

The Krull dimension has been considered, by different methods, by R. Pries |23j . 
but only for deformations that do not split the branch locus. The conditions we 
put are more general than the ones of Pries and can be applied to a wider class of 
deformations. 

We begin our study by showing that there is a faithful representation 

p-.G^^GL^k), 

of the p-part of the decomposition group at a wild ramified point to a suitable 
general linear group, and we show how to relate the filtration of the ramification 
group to the radical decomposition of the algebra of lower triangular matrices. 
This allows us to describe the structure of G\(P) for some interesting examples. 
In particular we are able to prove that the representation in the case of ordinary 
curves is three dimensional. 

Next we give conditions so that deformations over a local domain A, respect the 
flag of the Weierstrass subspaces and give rise to lifting of p to a representation 

p:G 1 {P)^GL n {A), 

that reduces to p modulo m. 

In order to perform such a construction we need deformations over local domains 
that can be extended to the generic fibre. Unobstructed deformations give rise to 
families over formal schemes that do not possess a generic fibre. We employ Artin's 
algebraisation theorem in order to show that an extension of the family to the 
generic fibre is always possible. As a result, we can use (prop. I3.4|l an algebraic 
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equivalence argument in order to compare Artin's representations at wild ramified 
points in both the generic and the special fibre, obtaining a generalisation of a 
theorem of Bertin. 

We introduce a deformation functor F(-) for deformations of matrix represen- 
tations and we are able to relate these two deformation functors in proposition 
PI 

The deformation ring Rx> corresponding to the subfunctor T> may have nilpotents 
[HJ 4.4.1] and in general might not be irreducible. Factoring out the radical of 
Rx>, we obtain a finitely generated /c-algebra without nilpotens that corresponds 
to finite union of irreducible sets. In proposition 14 . 1 21 and corollary 14 . 1 31 we prove 
that all these algebraic sets have equal dimension, and this dimension is equal to 
the dimension of the tangent deformation functor F(k[e\). Moreover, we prove that 
infinitesimal deformations in F(k[e\) are unobstructed and this fact allows us to 
compute the desired Krull dimension. 

Many authors have tried to study the "simplest possible" wild ramification. 
From the point of view of ramification nitrations the simplest wild ramification is 
the "moderate" wild ramification, i.e., when for all wild ramified points P we have 
Gi{P) = {1} for all i > 2. For instance ordinary curves have this property. 

From the representation point of view the simplest possible wild ramification 
at a point P is when the faithfull representation attached to this point is two 
dimensional. We can prove that this is the case for all curves of genus g so that 
p > 2g — 2. One of the new results of this article is the following: 

Theorem 1.1. If the faithfull representation attached to a wild ramification point 
is two dimensional, then the hull of the local deformation functor at this point is 
the ring of formal power series k[[xi, . . . , x s ]], where s — log p |Gi(P)|. 

We also try to illustrate our method by giving examples and by comparing our 
method with computation done by other authors. Namely we apply our method 
to the case of deformations of ordinary curves and as a final application, we show 
how the tools we have developed can be used in order to study deformations of the 
curves y p — y — J2tZi % p%+1 + x p * +1 . 

Acknowledgments The author would like to thank the participants of the 
conference in Leiden on Automorphisms of Curves for enlightening conversations 
and especially R. Pries and M. Matignon for their corrections and remarks. 

2. Representations 

Let C be a nonsingular complete curve defined over an algebraically closed field 
of characteristic p > 0. Let G be a subgroup of the automorphism group of C, 
and let P be a wildly ramified point of C . We denote by Gq(P) the decomposition 
subgroup of G, and by G±(P) the p-part of Gq(P). The p-part of the decomposition 
group can be analysed in terms of the sequence of the i-th ramification groups |26l 
chap. IV]: 

(1) G 1 (P)>G 2 (P)>--->G n (P)> {1}. 

For every point P of the curve C of genus g we consider the sequence of k- vector 
spaces 

(2) k = L(0) = L{P) = ■■■ = L((i - 1)P) < L(iP) <■■■< L((2g - 1)P), 
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where 

L(iP) := {/ e fc(C) : div(/) + iP > 0} = H°(X, C(iP)). 

It is known that there are exactly g pole numbers that are smaller or equal to 2g—l. 
If g > 2 then there is at least one of them not divisible by the characteristic. 

Lemma 2.1. Let m < 2g — 1 be the smallest pole number not divisible by the 
characteristic. There is a faithful representation 

(3) p : Gi(P) -> GL(L(mP)) 

Proof. It is clear that the space L(mP) is preserved by any automorphism in 
G(P) = Gi(P). Let / be a function with pole at P of order m. We can write 
/ as / = Up7, where u is a unit in the local ring 0p. Since (m,p) = 1, Hensel's 
lemma implies that u is an m-th power so the local uniformizer can be selected so 
that / = -jL. Let a £ Gi(P) such that cr(l/i m ) = l/i m . Then cr(i) = (t where C is 
an m-th root of unity. Therefore, if a induces the trivial matrix in AutL(?nP) and 
cr is of order p, then £ = 1 since (p, m) = 1. □ 

The above lemma makes the p-part of the decomposition group G(P) realizable 
as a finite algebraic subgroup of the linear group GL n (k). Moreover the flag of 
vector spaces L(iP) for z < ttt. is preserved, so the representation matrices are 
upper triangular. 

We assume that m = m > m i > • ■ ■ > Tn r = 0, are the pole numbers less than 
m. Therefore, a basis for the vector space L(mP) is given by 

\l,Uj , — : where 1 < i < r, p I m, and u; are units) 

According to this basis, an element a £ Gi(P) acts on L(mP) by 

1 1 .A . . 1 
a — = h > Ci(a)Ui , 

i=l 

and equivalently it maps the local uniformizer t to 



(l + E[=iC,( ( rM"-) 1/m - 



where C is an m-th root of one. 

The above expression can be written in terms of a formal power series as: 

(4) a(t) = Ct(i + J2^(<y)f). 

On the other hand the composition of the formal powerseries 

/ = t ait 1 and g — t j t J 

i>0 j>0 

is written as ta^bo + ■ ■ ■ , so the automorphism erl 01 ^)! = 1 as it is given in is 
tC p + ■ • ■ — t and since m is prime to p, £ = 1 and Q can be written as 

(5) a(t) =t(l+^a v {u)t v ). 

The above computation allows us to compute the "gaps" in the filtration of the 
group Gi(P). 
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Proposition 2.2. Let P be a point on the curve C and let 

P ■ Gi(P) -> GL dim(i ( mP)) (fc) 

be the corresponding faithful representation we considered on lemma \2.1\ Let m — 
rriQ > mi > ■ • ■ > m r = be the pole numbers at P that are smaller than m. For 
the filtration of G\(P) we have 

ifGi(P) > G i+ i(P) then i+l = m-m k + 1, 

for some pole number rrik- 

Proof. By definition a G G l (P) 26 prop. 1 p.62] if and only if a(t) ~ t € t i+1 k[[t]]. 
Notice that there is at least one Ci(a) ^ 0, because if all Ci(a) = for i = 1, ...,r 
then a(l/t m ) = l/t m and a is the identity. The valuation of the expression a(t) — t 
can be explicitly computed: 



1 r 

ait) - t = a(a)uit 



m— m;+l 

/ i-i \<-> I " 

771 



2 = 1 



therefore 



Vt(<j{t) — t j = m — TTlfe + 1 

where fc = min{i : Cj((r) ^ 0}. The possible valuations are given by: 

m — mi + 1 if C\(a) ^ 

m — m 2 + 1 if c 2 (er) 7^ 0, Cj(cr) = for i < 2 

m — m r + 1 if c r (a) ^= 0, Ci(cr) = for i < r 

Assume that a G Gi(P) but a ^ Gi+i(P), thus u(cr(Tj) — t) = i + 1 and this equals 
some m — + 1. □ 

Corollary 2.3. Every jump i in the ramification filtration, i.e., G{ > Crj+i is not 
divisible by p. 

Proof. By lemma 12.21 every gap in the ramification filtration is given as m — m^, 
where m is not divisible by p and are divisible by p |261 IV. prop. 11]. □ 

Examples: 

1. The Fermat curves x n + y n + 1 = 0, where n — 1 = p h . The automorphisms of 
these curves where studied by H. W. Leopoldt in T%| . even if n — 1 is not a power 
of the characteristic. Leopoldt constructed a basis for the space of holomorphic 
differentials of the curve and he was able to prove that for the points of the form 
P : (x,y) — (C2n;0) where Qin is a 2n-root of one, we have the following sequence 
of k- vector spaces Q.8, Satz 4]: 

k = L(0P) = L(P) = ■■■ = L((n - 2)P) < L((n - 1)P) < L(nP) <■■■ 

The interesting case for us (Hcrmitian Function Fields) appears when n — 1 is a 
power of the characteristic, so in this case the representation of the decomposition 
subgroup is of the form: 

p : G (P) -> GL(C(nP)) 

with 

10 
a 1— ► I a x 

7 P i> 
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According to proposition 12 . 21 the nitration of the decomposition subgroup is given 
by: 

G (P) > Gi(P) > G 2 {P) = ■ ■ ■ = G n (P) > G n+1 (P) = {1}, 

1. e., the gaps of the filtration are in 0,1, n. 

2. The curves x n + x m + 1 = 0, where to \ n and to — 1 = p h The automorphism 
group of a nonsingular model of the above curve is studied by the author, in 15 . 
It is proved that for the points P : (x, y) = {(,2m 0) we have the following sequence 
of vector spaces ^3 eq. (4)] 

k = L(QP) = L(P) = ■■■ = L((m - 1)P) < L(mP) = L((m + 1)P) < • • • 

Since to is not divisible by p we have the following representation 

G (P)^GL(L(mP)), 

sending 



Thus Gq(P) is the semidirect product of an elementary abelian group by a cyclic 
group of order prime to the characteristic. For the ramification filtration of Gq(P) 
we have 

G (P) > Gi(P) > G 2 {P) = ■■■ = G m (P) > {!}. 



3. Ordinary Curves. A curve is called ordinary if the p-rank of the Jacobian is equal 
to the genus of the curve. It is known that ordinary curves form a Zariski-dense 
set in the moduli space of curves of genus g. For ordinary curves we have that 
G?2(P) = {1} |22j . thus we have the following picture for the faithful representation 
p of the group G\{P): There is a gap at G\{P) > G*2(P) = {1}, thus m; = m — 1 
for some i, and this i = 1. In other words the pole numbers that are smaller or 
equal to m are {to, to — 1}. This implies that if the genus g of X is g > 1 then the 
representation has dimension 3, because otherwise, i.e., if the representation is two 
dimensional, we have the following sequence 

k = L(0P) = L(P) = ■■■ L((m - 1)P) < L((m)P). 

But to — 1 is a pole number so to — 1 = and to = 1, i.e., the Weierstrass semigroup 
is the semigroup of natural numbers, a contradiction, for g > 2. 

Moreover if ci(er) = then all Ci(a) = for i > 1, otherwise there will be more 
jumps at higher groups Gi, and this is impossible. This proves that c\{a) = if 
and only if a = 0. By multiplying the representation matrices we can easily deduce 
that the map 

(6) ci : G X (P) -» fc, 

is a faithful homomorphism of the elementary abelian group G\ (P) into the additive 
group of k. 

The representation matrices are commuting, and by computation this implies 
that all elements pj+ijio), of the representation matrix, are of the form XjC\(a), 
and Xj is independent of a. 

Since c\ is faithful character, such that c\(a) = implies that Pij{&) = 0, for all 
i 7^ j, we can write Pij{u) = Ci(a)aij(a). 
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4. p-cyclic covers of the affine line. In this example we apply our computations 
to Artin-Schreier curves that are nonsingular models of the function field defined 
by: 



w p ~w 



s-1 

£ 

i=l 



t,x p 



+1 



x p 



+1 



These curves give extreme examples of automorphism groups and were studied by 
H. Stichtenoth [27| and C. Lehr, M.Matignon |T7|, N. Elkies [TUI, van der Geer and 
van der Vlught [2"§|. 

There is only one ramified point in the cover ...*„_! — ► P , the point P that 
is over the point X = oo of P 1 . The Weierstass semigroup at P is computed by H. 
Stichtenoth [27| to be equal to (p s + 1)N + pN. 

Thus, the smaller pole number that is not divisible by p is p s + 1 and the Weier- 
strass semigroup up to p s + 1 is computed to be 



0,p,2p,. 



l+P s 



P 



p, 1 + p s 



One can prove that 



i+p s 



p = p s . The remainder of the division of p s + 1 by p, is 



1. According to proposition 12 . 21 the possible gaps at the ramification filtration are 
at the numbers 1 + kp, k = 0, . 



i+p 3 



P° 



is n 



i+p s 



+ 2=p s 



1 . The dimension dim fe L((p s + 1)P) 
2 and the representation of G±(P) to L[(j) s + 1)P) is 



given by an n x n lower triangular matrix with 1 in the diagonal. 

More precisely, if we choose the natural basis {1, X, X 2 , 
1)PJ then the representation p is given by the matrix 



• 1 XP s ~\w}ofL({p s + 



(7) 



if i < j 

1 if i = j 

//'(;.) ' / /<- ; • 

bj(y) iii = p s - 1 + l>j 



1 



where bj (y) are the coefficients of the polynomial Pf (X, y) , and y is a solution of 
Adf(Y) — as defined in lemma 4.1 and definition 4.2 in |17j . 



3. Deforming Branch Points 

Assume that we have a deformation X — > SpecA over an Artin local ring, that 
admits a fibrewise action of the G C Aut(A). In lemma |2~T1 we have assigned to 
every wild ramified point P a representation of the decomposition group G(P) that 
corresponds to an upper triangular matrix. We will try to lift this representation 
to a representation of an upper triangular matrix with coefficients in A. This will 
be accomplished by proving that we can fullfill the requirements of the following 

Proposition 3.1. Consider a deformation X — > SpecA of the curve X defined 
over a local integral domain A, with G C Aut(A) acting fibrewise on X , and let P 
be a wild ramified point on the special fibre of X . Suppose that there is a sequence 
of G -invariant invertible &x -modules Ci so that the corresponding spaces of global 
sections Li :— T(X,Ci) satisfy: 

L\ c Li2 C • • • C L n , 
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and Li are finitely generated free A-modules and Li®Ak = L(iP). Then the faithful 
representation defined in |3J), can be lifted to a representation: 

p 1 :G 1 {P)^GL n (A), 

such that pi(a),o~ £ Gi(P) is a lower triangular matrix with 1 at the diagonal. 

Proof. Let k = A/m, be the residue field of the local ring A, modulo the maximal 
ideal m of A. The A-module Li is a finitely generated free A-module, therefore 
dimfe(Li £§) a k) — rank^Li. Moreover, since Li are G-modules, there is a natural 
representation p : G\(P) — > GL n (A). Since the flag Li of A modules is preserved, 
the representation matrices of pi are lower triangular, and elements on the diagonal 
must have a multiplicative p-group structure, so they are units. □ 

In subsection 13. II we recall the theory of effective Cartier divisors and we define 
the relative ramification divisor. We also show that if exists a deformation X — > 
SpecA over an integral domain A that admits a fibrewise G-action exists then there 
is a constrain in the Artin representations at the special and the generic fibres 
expressed in proposition 13. 41 

Subsection l3.2l is devoted to the problem of algebraisation. In order to construct 
the desired representation we will need deformations that possess generic fibres. 
The passage from deformations defined over formal schemes to deformations that 
defined over ordinary schemes is given by Artin's algebraisation theorem 13.101 and 
in subsection 13 . 21 we check that Artin's algebraisation theory can be applied. 

In subsection 13. 31 we try to construct the sequence Li of invertible @x modules 
of proposition 13. II For this we need Grauert theorem III. 12. 9] and this is the 
reason we want our deformations to possess a generic fibre. We give a criterion 
13.141 for the construction of the sequence Li and some lemmata that imply the 
truth of this criterion and depend only of the form of the ramification filtration of 
the special fibre. Unfortunately it seems that there are bad deformations and for 
them the construction of proposition 13 . 1 1 is not possible. The best think we can do 
is to show that the criterion 13. 141 defines a deformation condition in the sense of 
Mazur, which in turn gives rise to a subfunctor that can be handled with our tools. 
Of course, this approach will lead to a lower bound of the desired Krull dimension. 

3.1. Relative Ramification divisors. In this section we would like to address 
the following question: Let P be a wild ramified point, of the special fibre of 
the deformation in study, with decomposition group G(P). Is it possible to find 
a "horizontal divisor" P that is invariant under the action of G(P), so that the 
intersection of P with the special fibre is the original point PI 

Let X — > SpecA be an A-curve, admitting a fibrewise action of the finite group 
G, where A is a Noetherian local ring. Let y — > SpecA be the quotient SpecA- 
curve. A good notion of a horizontal divisor in this case can be given in terms of 
effective Cartier divisors. An effective Cartier divisor D on X — ► SpecA, is a closed 
subschemc D C X, such that D is flat over SpecA, and the ideal sheaf 1(D) C &x 
is an invertible 0^-module. 

We would like to assign to the cover of A-schemes X y a, ramification divisor 
D x /y, such that the intersection of D x /y with the fibres of the morphism / : X — > 
y, corresponds to the usual notion of ramification divisor for coverings of fc-curves. 

Let S = SpecA, and Six/Si ^y/s be the sheaves of relative differentials of X 
over S and y over S, respectively. 
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We begin by defining the ideal sheaf of the ramification divisor D x /y as 

C{-R) = n x ) s ® s r^y/s- 

We will first prove that the above defined divisor Dx/y is indeed an effective Cartier 
divisor. 

We will use the following 

Criterion 3.2. Let S be locally Noetherian, X a flat S -scheme of finite type, and 
D C X , a closed subscheme which is flat over S . Then D is an effective Cartier 
divisor in X/S if and only if for all geometric points Specfc — > S of S, the closed 
subscheme D (H>s k of X ®s k is an effective Cartier divisor in X ®$ k/k. 

Proof. 14, Cor. 1.1.5.2] □ 
Proposition 3.3. The ramification divisor D x iy is an effective A-divisor. 

Proof. We are interested in deformations of nonsingular curves. Since the base is 
a local ring and the special fibre is nonsingular, the deformation X — > SpecA is 
smooth. (See the remark after the definition 3.35 p. 142 in 19 ). The smoothness 
of the curves X — * S, and y — ► S, implies that the sheaves 0.x /s an d Qx/s are 
S-flat, [H cor. 2.6 p.222]. 

On the other hand the sheaf O^specA i s by Prop. 1.1.5.1] 0y-flat. Thus, 
7r* (fly ,s P cca) is 0^-flat and therefore SpecA-flat Prop. 9.2]. The desired result 
follows by criterion 13. 21 □ 

Let A be a local k algebra, that is a domain, and let X — > SpecA be a deformation 
of the curve X, and P € X, be a wild ramified point with decomposition group 
Go (P) ■ Assume that the point P appears in the ramification divisor of the covering 
of the special fibres X — > X/G, with multiplicity d, given by Hilbert's formula |28l 
III.8.8]. 

We consider the effective Cartier divisor Dp = Ylj=i a iPii where Pi denotes the 
irreducible components of the ramification divisor R — Rx/y that intersect the 
special fibre of A" at P. 

We have the following picture: 



SpecA 



Two horizontal branch divisors can collapse to the same point in the special 
fibre. For instance this always happens if a deformation of curves from positive 
characteristic to characteristic zero with a wild ramification point is possible. 
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For a curve X and a branch point P of X we will denote by ic,p the order 
function of the filtration of G at P. The integer ic : p{cr) is equal to the multiplicity 
of P x P in the intersection of A.r CT in the relative ^4-surface X x X, where A is 
the diagonal and r CT is the graph of a |2H p. 105]. Using an algebraic equivalence 
argument on X XspocA X we see the following generalisation of the result of J. 
Bertin 0: 

Proposition 3.4. Assume that A is an integral domain, and let X — > SpecA be 
a deformation of X . Let Pi, i — 1, • • • , s be the horizontal branch divisors that 
intersect at the special fibre, at point P , and let Pi be the corresponding points on 
the generic fibre. For the Artin representations attached to the points P, Pi we have: 

s 

arp(cr) = y^axp i (a). 

i=i 

Remark Consider the case of deformations of ordinary curves, together with a 
p-subgroup of the group of automorphisms. Then |arp(er)| = 2 for all o E G(P) = 
Gi(P), a ^ 1 [221- On the other hand the ramification at the points of the generic 
fibre is also wild and 13.41 implies that there is only one horizontal branch divisor 
extending every wild ramification point P. 

3.2. Application of Algebraisation Theory. We would like to have our curves 
deformed over bases that have generic fibres. Formal deformation theory gives us 
information whether a curve can be defined over the formal spectrum of a complete 
ring, i.e. over 

Spfi? = {Pe Spcci? : P is open with respect to the mp — adic topology}, 

where R is a complete domain with maximal ideal mp. In order to extend the family 
over the generic fibre (the ideal is not open) we have to use an algebraisation 
argument. 

Let us denote by C the category of local Artin /c-algebras and by C the category 
of complete Noetherian local A:-algebras. A covariant functor F : C — > Sets can be 
extended to a functor F : C — > Sets by defining 

where ran is the maximal ideal of R and < is a local Artin fc-algebra. On the 

other hand a functor F : C — > Sets induces by reduction a functor F \q: C — > Sets. 
For any covariant functor F : C — ► Sets there is a canonical map 

The above map is not in general a bijection. Let us denote by /ip(-) = Hom(R, •). 
One can also prove lemma 2.3] that F(R) ^ Hom(hn, F). A functor F : C — > 
Sets is called prorepresentable if there is an R S Ob(C) and £ S F(R), that induces 
an isomorphism 

£:h R (A)^F(A). 

A formal deformation of £o £ F(k) is an element £ € F(R), where R E Ob(C). 
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Let F be a functor F : C — > Sets. We say that _F \c is effectively prorepresentable 
if F \c is prorepresentable by £ € F(R), and this £ is the image of an element in 
under the map F(R) -> 

J. Bertin, A. Mezard [3], introduced at the wild ramihed point P the deformation 
functor: 

( lifts G -► Aut(A[[t]]) of p mod- 

(8) D : C — ► Sets, ^4 i— > < ulo conjugation with an element 

{ of ker(AutA[[i]] k[[t]]) 

Lemma 3.5. Let D be the functor defined in (5)). For every complete k-algebra A 
the canonical map 

(9) D(A) - 
is a bijection. 

Proof. Let A be a complete fe-local algebra with maximal ideal and denote by 
A n the quotient Ajm n A . We will show first that the map in is surjective. Let 
p n : G — > AutA n [[t]] be a system of representatives of maps such that the following 
diagram 

. Pn+l(g) . 

modm^ 

Pn(g) 

is commutative. 

In order to define p : G — > AutA[[i]] we have to define it on t. Let us write 

oo 

Pn{g)(t) =^2a iin (g)t\ 

i=0 

The elements {ai,n(g)}n form an inverse system and give rise to a limit element 
di(g) £ A = lim^_ A n and to the desired extension 

oo 

p(g)(t) = J2<9)t i - 

i=0 

This proves that the canonical map in @ is indeed surjective. 

In order to prove that it is also injective we consider two representations 

Pi, P2 : G — > AutA[[t]], 

such that for every n there are isomorphisms 7„ : -An[[i]] — > that induce the 

identity on k[[t]] such that 

Pl,n = 7nP2,n7n 1 - 

Arguing in the same way as in the proof of the subjectivity we see that the maps 
{ln}n give rise to a well defined isomorphism 

7 : A[[t] - A[[t}] 

that induces the identity map on k[[t]] and makes p\,p2 equivalent. □ 

li 



Definition 3.6. We will say that the functor D : C — > Sets is locally of finite 
presentation if and only if for every direct limit lim^ Ai of objects in C the natural 
map 

limD(Ai) DQimAi), 

is an isomorphism. 

Definition 3.7. We will say that the functor D : C — > Sets is coherent |KSj if there 
are two representable functors h 2 ,hi such that 

h 2 -> /ii -> I? -> 0. 

Lemma 3.8. Every coherent functor D : C — ^ Sets is locally of finite presentation. 
Proof. Since D is coherent there is an exact sequence 
(10) h 2 -> /ii D 0, 

where h\,h 2 are representable functors. Sequence (|10fl implies the following com- 
mutative diagram 

^ Horn (£>(-), lim vLJ ^ /fom(/ii(-),limyli) _ Hom(h 2 (-), lim A,) 



/i 



/a 



q s_ limifom(D(-), Ai) ^ lim Hom{h\{-), A4) ^ lim Fom(ft 2 (-), At ) 

where the last row is exact since we are considering direct limits in the category of 
sets. Now representable functors are locally of finite presentation therefore fi,f 2 
are isomorphisms and the commutativity of the diagram forces / to be also an 
isomorphism, i.e., the desired result. □ 

Proposition 3.9. The global deformation functor D g \ of J. Bertin A. Mezard is 
coherent. 

Proof. We will use the notation of sect. 5]. Let M.g : n,G be the functor classifying 
equivalence of triples [X/A,<f>,9], represented by the scheme M 9 G n . There is the 
following exact sequence of functors: 

Wgl(z/«z)G(-) 21 M g , n , G (-) ^ DA~) - °> 
where N GL (x/nZ)G denotes the normaliser of G in GL(Z/nZ) and Nq^^/^G^—) 
the constant group scheme with fibre the group -/V GL ( Z /„ Z )G. 

Indeed, for a local ring A, and a deformation d : X — > SpecA in £> g i(A), we can 
select a level structure <fi : X[n] — > (Z/riZ)gp 0Cy!l that maps on d by forgetting the 
extra level structure. The group G can be considered as a subgroup of GL(Z/nZ) 
and we can select a map 6* : G — > Aut^ such that 

(11) 0o0((r) _1 [n] =0-0 0. 

This proves the surjectivity of «2- 

In order to prove the exactness at the second factor we consider two triples 
[Xi/A,4>i,6i], i = 1,2 that map on d € D g i(A). Thus X\ = X 2 and there is an 
element a 6 GL(Z/nZ) such that 0i = a o 2 . But since both 4>i,<f> 2 have to be 
GL(Z/nZ) invariant, i.e., equation Ijlll) has to hold we obtain that: 

a o a o (f> 2 = a o 02 o 0((t) _1 [n] =^0 8{a)^ 1 [n] = a o (j>\ = a o ao (f> 2 
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for all a G G. Therefore a S ^V GL ( Z /„ Z )G and the desired result follows. 

□ 

Theorem 3.10 (Artin's Criterion of Algebraisation). Let F : (Sch/k)° — > Sets be 
a functor from the category of the formal schemes over the algebraically closed field 
k that is locally of finite presentation over k. Let £q G F{k), and suppose that an 
effective formal deformation (R, £) exists, where R is a complete Noetherian local 
k-algebra and £ f= F{R). Then there is a scheme X of finite type over k and i£l 
a closed point with residue field k, and £ G F(X), such that (X,x,£) is a versal 
deformation of £o> such that &x.x) = R, and 

Spec(i?) 4 Spec(0 x ,x) — > X 

Proof. 1, Th. 1.6] □ 

Corollary 3.11. Every deformation X — > Spfi? can be extended to a deformation 
X -> Speci?. 

Proof. By lemma I3~51 the local deformation functor attached to a wild ramification 
point, is effective, and since D g \ is the product of the local deformation functors 
at wild ramification points 3.3.4], 1.10.1] we have that D g i is also effective. 
Moreover, lemma I3~%1 and proposition 13.91 imply that D g \ is locally of finite presen- 
tation and the desired result follows by Artin's criterion of algebraisation l3~THI □ 

3.3. Construction of the A-free modules. 

Lemma 3.12. Let S be any scheme and let X — > S be a deformation of X, so that 
the special fibre is a nonsingular curve of genus g > 2 . The relative curve X — * S 
is projective. 

Proof. Observe that a deformation of a nonsingular curve of genus g > 2 is a stable 
curve. The desired result follows by |S1 cor. p. 78]. □ 

Lemma 3.13. Let X — * SpecA be a deformation over the local domain A, let P 
be a wild ramified point on the special fibre and let T = {Pi}i=i,... s be the set of 
horizontal branch divisors that restrict to P in the special fibre of X , and let D be a 
G-invariant divisor supported on T of degree d. There is a natural number a such 
that the map 

T(X, & x {aD)) ® A k^ L{daP) 

is an isomorphism. Then T{X ,&x{sD)) is a free A-module, and there is a free 
G-invariant A-module L, such that L ®a k = L(dP). 

Proof. The divisor D is an effective Cartier divisor, and flatness of D over SpecA 
implies 

1(D) (£)a k = L(D ® A k), 

i.e., the ideal sheaf of D restricted to the special fibre coincides with the ideal sheaf 
of the restriction of the divisor D to the special fibre ^] p. 7] . 
By inverting the ideal sheaves above we obtain 

L(D)- 1 ® A k = I(D ® A k)- 1 => C(D) ® A k^ C(D ® A k). 

13 



We would like to take global sections of the above two sheaves, in order to prove 
that 

T(X S , £(£>)) ® A k = T(X S ,£(D <g> k)) = L{dP). 

For alH > there is a natural map j^J prop. Ill 12.5] 

4* : H*(X, £(£>)) ® A k -> H l (X s ,C{D <g> fc)). 

We are interested in global sections i.e., for the zero cohomology groups, but in 
general 0o can fail to be an isomorphism. Instead of looking at D we will consider 
aD, where a is a sufficiently large natural number. The degree of the divisor aD 
remains the same in the special and in the generic fibre, since H°(X , C(aD) /Ox) 
is a free A-module of rank deg(aD), |14l 1.2.5]. Let X s and X v denote the special 
and the generic fibre of X and let K be the field of quotients of A. We will employ 
the Riemann-Roch theorem in both the special and the generic fibre and we can 
choose a sufficiently big so that the index of speciality in both the generic and the 
special fibre is zero. Thus, the Riemann-Roch theorem implies: 

dim fe H°(X s ,C(aD ® A k)) = dim K H°(X n , C(aD <g> K )) = a deg D + 1 - g. 

Let / : X — > SpecA be the structure map. By lemma 15. 121 the A-curve is projective 
and Grauert theorem |121 III.12.9], implies that i?°/»(£(af) is a locally free sheaf 
on SpecA, and quasicoherent by |121 III. 8. 6]. Since A is a local ring we have that 
H°{X,C(aD)) = H a (Spec A, f*£(aD)) is a free A-module. 

Consider the fc-subspace L(dP) C L(adP). Since D is G-invariant L(dP) is 
also a G-invariant subspace of L(adP). Let xi, . . . ,x~t be a basis of L(dP) and let 
xi, . . . ,xt G H°(X, C(aD)) that reduce to Xi modulo m. 

The free submodule of H°(X, C(aD)) generated by xi is G-invariant and reduces 
to L(dP) modulo m. 

□ 

Let T be as in lemma IS. 131 Let 0(T) be the set of orbits of T under the action 
of the group G, on T. The A-module &x{D) is invariant under the action of G if 
and only if, the divisor D is of the form: 

(12) D= J2 ™cE P ' 

ceO(T) Pec 

i.e., horizontal Cartier divisors that are in the same orbit of the action of G must 
appear with the same weight in D. 

Given a space L(iP) we would like to construct a G-invariant divisor D supported 
on T that in turn will give a G-invariant A-module @x{D). If % = J2ceo(T) n C#C, 
where tiq are non-negative integers, then we can consider the G-invariant divisor 
given in iJUJ. 

We have proved the following: 

Proposition 3.14. If the semigroup X)ceO(T) n c#G 7 nc G N, contains the Weier- 
strass semigroup of the branch point P of the special fibre, then the assumption of 
vrovosition \3.1\ is satisfied and the representation can be lifted. 

Corollary 3.15. Let Abe a local Artin algebra that is dominated by an integral local 
ring R, and suppose that the deformation X — > SpecA can be lifted to a deformation 
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with base R, such that the assumptions of vrovosition \^T\ are satisfied. The faithful 
representation defined in |3J), can be lifted to a representation: 

Pl :Gx(P)^GL n (A), 

such that a(g) is an upper triangular matrix with 1 at the diagonal. 

Proof. Suppose that we have a lift pi of the faithful representation defined in J2J. 
There is a a surjective map R —> A, with kernel an ideal / of R. The desired result 
follows by considering the representation matrices modulo the ideal /. □ 

The following lemmata give us criteria, in order to prove that the assumption of 
of proposition 13. 141 is satisfied. 

Lemma 3.16. If one orbit of G acting on T is a singleton, then the semigroup 

n c #C, n c GN, 

ceo(T) 

is the semigroup of natural numbers and the assumption of proposition \3.14\ is 
satisfied. 

Lemma 3.17. If ' jf-T ^ Omodp then there is at least one orbit that is a singleton. 

Proof. If all orbits have more than one element then all orbits must have cardinality 
divisible by p, and since the set T is the disjoint union of orbits it also must have 
cardinality divisible by p. □ 

Lemma 3.18. Ifm is the first pole number that is not divisible by the characteristic, 
and p \ m + I then there is an orbit that consists of only one element. 

Proof. By proposition 13.41 the Artin representation at the special fibre equals the 
sum of the Artin representations at the generic fibre. Thus if there is no singleton 
orbit then the sum of Artins representations at the generic fibre is divisible by p 
and this contradicts corollary 12. 31 □ 

If the assumptions of proposition 13 . 1 41 are not satisfied then we have to restrict 
to the "good deformations". We will describe them, following B. Mazur in 
p. 289], by defining the notion of a deformation condition. 

Definition 3.19. Let X be an algebraic curve defined over the algebraically closed 
field k. We define the category A of deformations of curves over Artin local rings, 
whose objects are deformations X — > SpecA of the initial curve X , together with a 
fibrewise action of the group G on X , and the morphisms 

(X -> SpecA) -> (X 1 -> SpecA') 

are given by a local algebra homomorphism A — > A' and an SpecA' -map <p : 
X XspocA SpecA' — > X' , making the following diagram commutative: 

X ■< X x 

SpccA 

SpecA' X 1 , 



SpecA SpecA' 

and moreover <j> induces the identity on the special fibre X . 

is 



Definition 3.20. By a deformation condition on A we mean a full subcategory 
T>T of A satisfying the following conditions: 

(1) For any morphism (X, A) -> (X',A r ) if(X,A) G Ob(VA) then (A", A 1 ) G 
Ob(VA) 

(2) Let A,B,C be artinian k-algebras fitting into a diagram 



A B 




We denote by Axq B the subring of Ax B consisted of elements (a, b) such 
that a(a) — (3(b) |21l p. 270]. Moreover there are two projections pa,Pb 
making the following diagram commutative: 



Ax c B 




A B 




Consider an object (X,A Xp B) and let 

X A := X x Spcc(j4xc , B) SpecA -> SpecA 

and 

X B ■= X x Spoc ( j4><c , B ) SpecB -> SpecB 

be the fibre products with repsect to the maps PAjPb- We ask that (X, A x c 
B) e Ob(VA) if and only if both X A , X B G Ob(VA. 
(3) For any morphism (X, A) -> (X' , A') if (A", A') G Ob(VA) and A -> A' is 
injective then (X, A) G Ob(DA) 

Suppose that we have a deformation condition T>A of A. We define a subfunctor 
T> of the global deformation functor D of Bertin-Mezard 

PC D :C -> Sets, 

where 2?(A) contains the elements of -D(-A) that are objects of D^4.. 

Proposition 3.21. The subfunctor T> satisfies the three first Schlessinger criteria 
and has a hull Rx> ■ 

Proof. The deformation conditions imply that D is relatively representable |^ 
p. 278], and since the global deformation functor D satisfies the first three Sch- 
lessinger criteria p. 277], the functor T> also satisfies them and therefore 
it has a hull. □ 

We are mainly interested in the deformation condition given in proposition 13.141 
Lemma 3.22. The condition given in \3.1^\ defines a deformation condition. 
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Proof. In order to prove the desired result we notice that is enough to prove that 
if di : Xi — > Spec^L are elements in A and cf> : d\ — > d% then d\ £ T>A if and only if 
d 2 G VA. 

Let D be a G-invariant divisor of X\ such that D P\ X = nP. Then the divisor 
4><,{D) is a G-invariant divisor on X2 such and cj)*(D) n X = nP, since </> reduces to 
the identity on the special fibres. 

If, on the other hand, D is a G-invariant divisor of X% such that D X ~ nP 
then (fi*(D) is a G-invariant divisor on X\ such that 4>*(D) D X — nP, since </> 
reduces to the identity on the special fibre. □ 

4. Explicit Deformations of Matrix Representations 

In this section we will employ the construction for universal deformation rings 
for matrix representations, explained by B. de Smit and H. W. Lenstra in 0. Let G 
be a finite group with identity e. We denote by k[G,n] the commutative fc-algebra 
generated by X?- for g E G, 1 < j < i < n, such that 



XI 




(13) 



and finally 



X 



X 



a _ 



^ XftXft for g, h S G and 1 < i, j < n. 
1=1 

1, for all i = 1, rt, and for all g 6 G 



for i < j and for all g € G. 
Let A be a fc-algebra. Consider the multiplicative group L n (A) < GL n (A), of 
invertible lower triangular matrices with entries in A, and 1 in the diagonal. We 
will focus on representations on L n (A). For every fc-algebra A we have a canonical 
bijection 

Hom k -Aig(k[G,n],A) Hom(G, L n (A)), 
where a fc-algebra homomorphism / : k[G, n] — > A corresponds to the group ho- 
momorphism that sends j e C to the matrix (/(X?)). The representation 
p : G — > L n (k) corresponds to a homomorphism fc[G, n] — > fc. Its kernel is a maxi- 
mal ideal, which we denote by m p . We take the completion i?(G) of fc[G, n] at m p . 
The canonical map k[G,n] — > R(G), gives rise to a map Pij(G) : G — > L n (R{G)), 
such that the diagram: 

G ^Ti n (R(G)) 



L n {k) 



G — 

is commutative. 

We consider the following functor from the category C of local Artin fc-algebras 
to the category of sets 

liftings of p : G — > L n (k) 
to pa : G — > L„( A) modulo 
conjugation by an element 
of ker(L„(A) -» i„(fc)) 
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The ring R(G) denned above does not represent the deformation functor F, since 
A-equivalent deformations may correspond to different maps in Hom(R(G), A). 

If n = 2, i.e., in the case of a two dimensional representation, the conjugation 
action is trivial and F is representable by R{G). 

In the deformation theory over fields of characteristic zero, if the representation 
is irreducible, one takes the closed subalgebra of R(G) generated by the traces of 
elements in p : G — > Gl n (R), and since characters distinguish equivalence classes of 
representations, this subalgebra represents the deformation functor. 

We are working over fields of positive characteristic and this approach is not 
suitable: The representation can be chosen to be indecomposable but not irre- 
ducible. The theory of Brauer characters, does also not help very much, in the case 
of equicharacteristic deformations, since Brauer characters do not take values in 
R(G). 

We will avoid to answer whether the functor F is representable; for our needs it 
is enough that there is a natural transformation from Homk~ a ig(R(G), •) — > F(-). 

Let D : C — > Sets be the functor of J. Bertin, A. Mezard 3 , introduced in ijHJ. 
We will define a natural transformation of functors : F —* D, and using this 
natural transformation we will prove that the Krull dimension of the hull of the 
deformation functor D equals the dimension dim/j F(k{e\), of the tangent space of 
the functor F. 

Let S = {<", n £ N} considered as a multiplicative system. We choose elements 
Fi £ A\\tf\S~ 1 , I — 1, . . . ,m so that Fj = /$ modm^- The elements F t can be 
written as 

_ Uj(t) 
1 ~ tA(i) ' 

where Ui(i) is a unit in A[[i\] an A(i) is the pole order of the function Moreover 
we assume that Ui(t) is a polynomial in A[t\. 

An element in F(A), defines a linear action on the free A-module generated by 
the elements Fi given by 

i 

(14) a(F^=^p tv {a)F v . 

The above action is not necessary compatible with multiplication, i.e., a(ab) and 
a{a)a(b) need not to be equal. We will give conditions so that the action is compat- 
ible with multiplication. In order to do this we have to determine the value of a(t) 
and expand to the elements of A[[t]] so that a respects addition and multiplication. 
This definition of a(t) should give the same results on Fi with (|14|l . 

In order to do such a computation, we will need a general version of Hcnsel 
lemma. We will follow the notation of Bourbaki [5J III 4.2]. We will say that a ring 
R is linearly topologized, if there exists a fundamental system of neighbourhoods 
of consisting of ideals of R. If the commutative ring R is linear topologized, 
Hausdorff and complete we will say that the ring satisfies Hensel's conditions. Let 
(R, m) be an ordered pair, consisted of a ring R and an ideal m of R, so that R 
satisfies Hensel's conditions and the ideal m is closed and the elements of m are 
topologically nilpotent, i.e. for all x £ m we have \im l ,^ 00 x l/ = 0. Then the pair 
(R,m) is said to satisfy Hensel's conditions [S] III 4.5]. We will denote by R{X} 
the subring of i2[[X]] consisted of elements so tnat limj-»oo a i = 0. 

We will need the following 
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Lemma 4.1. Let R be a ring and m an ideal of R so that the ordered pair (i?, m) 
satisfies Hensel's conditions. Let f G R{X}, a G R end write e — /'(a). If 
/(a) = mode 2 ™, then there exists b G i? swc/i £/iai /(b) = and b = a modem. J/ 
b' is another element of R such that f(b') = and b' = a modem then e(b' — b) = 0. 
In particular, b is unique if e is not a divisor of zero in R. 

Proof. Corollary 1 III 4.5] □ 

Lemma 4.2. Let A be an Artin local ring with maximal ideal tua- We consider 
the ring A[[i\] so that the ideals (m 1 ^, t" A[[t]]} form a fundamental system of neigh- 
bourhoods ofO. Then the ordered pair (A[[t]],mA) satisfies Hensel's conditions. 

Proof. The ring A[[t]] is by construction linear topologized. The ideal vtia is an 
element of the the system of fundamental neighbourhoods of so it is open and 
closed. Moreover the ring A[[i\] is Hausdorff and complete. □ 

Let us consider the last row of (|T4"|) : 

m 
v=\ 

Let Y be the desired value of the the lift of a(t). Then the last equality can be 
written as 

u m (Y) ^ 



Pmv{o)F v (t) 



(15) t m u m (Y) -Y m Y] Pmv {a)F v {t)t m = 



l 



If we consider (|15|l modulo uia then it has as solution the value a(t) G Autfc[[t]]. 
We will use lemma l4~D with a — cr{t). The derivative of 1)15(1 is computed 

I du rn {Y) 



mY" 1 - 1 ) p mu (a)F v (t) 



dY ^— 

U—l 



and 



e = t m ma{tr -i j2 Pmv{a)Fu{t) j . 

Observe that the zero divisors in A[[t\] have coefficients in the maximal ideal ttia, 
therefore since e modm^ is computed to be —mt m a(t) m ~ 2 and it is not a zero 
divisor, e is not a zero divisor in A[[t]] as well. Thus, lemma |j~Tl implies that there 
is a unique solution b of l|15|l that reduces to o~(t) modulo ttia- The value b is a 
candidate for the lift cr(t). We observe that the equations i|14fl give also information 
for the value of the lift of cr{t). 

We say that the tuple (iq, . . . , F m , p : G — * GL n (A)) is compatible if the unique 
solution b of l|15|) satisfies the equations l|14fl for 1 < i < m. Of course we know 
that (/i, . . . , f m ,p ■ G — * GL n (k)) is compatible. 

Lemma 4.3. // the tuple (iq, . . . ,F m ,p : G — > GL n (A)) is compatible and Q G 
L n (A) then the tuple (QFi, . . . , QF nll p : G —> QGL n (A)Q~ 1 ) is also compatible. 



1!) 



Proof. For every 1 < i < m we have QFi = Y) j Qi^F^. The system of equations 
(|14|l can be written in matrix form as 

(Fi<X)\ (FM 
\ \=P(°)\ \ 

\Fm(Y)J \F m (t); 

Thus, 

Q ■ i = Qp(^)Q _1 • Q 

WOO/ VM*)y 
and the desired result follows. □ 

Lemma 4.4. Let A be an artin local ring with maximal ideal rriA so that A/uia = It- 
Let {Fx, . . . , F m , p : G —* L n {A)) be a compatible tuple, and for every a £ G let a 
denote the corresponding automorphism in Aut .A [[£]]. For every o~i, oi € G we have 

Proof. The element b a2 = di is a root of 

m 

t m u m (Y) - t m Y m J2 Pm V (°-2)F v (t). 

v=l 

By applying <j\ to the above equation we obtain 

= ai(t) (^u m (di{b a2 )) - ai(b„ 2 ) m Y^Pmv(o-2)viF u (t)j = 

(rn V \ 

u m (di{ba 2 )) - ai(b a2 ) m ^2 p mu (o- 2 )^2 Pv^aYF^t) = 1 = 
i/=l m=i / 

= CTl(i) |il ra ((Tl(i ff2 )) - ^l(^ 2 )'" ^ra^t^dlj^wj • 

Since the element d\ (t) is not a zero divisor we obtain that 

*x(*a(t)) 

is the unique root of 

m 

i m u m (Y) - t m Y m p mv {°20-x)F v {t). 

and the desired result follows. □ 

Definition 4.5. We will say that the tuples (Fi, . . . , F m , p : G — > GL„(A)) anc! 
(.F{, . . . , i^j, p' : G — > GL n (A)) are equivalent if there is an element Q € L n (A) so 
that 

(Fi, ...,F' m ,p' : G ^ GL„(A)) = (QFi, . . . , QF m , p : G -► QG£„(A)Q- X ) 
W^e define the functors 

Set of tuples 

Ti-.Ae Ob(C) ^ { (F u ...,F m ,p:G-> GL„{A)) 
defined over A 
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and 

^- , ^, m\ { equivalence classes \ 
^ :Ae06 ^{ of tuples over A ) 

If g : B — > A is a morphism of local artin algebras and 

n := (Fi, . . . , F m , p : G -» L„(S)) G ^(B) 

Fi(<?)(0) = (ff(Fi), . . .,g(F m ),gop : G - L„(A)) G Fi(A). 

where g o /9(c) denotes the matrix g{Pim{o')), i.e., 5 is applied at every entry of the 
matrix p{o~). Similarly, we can define the map F(g) : F(£>) — > J 7 (A). 

Observe that compatibility of equivalence classes of tuples is well defined by 
lemma 14. HI 

Proposition 4.6. Compatibility of tuples is a deformation condition in both the 
functors F ', T\ . 

Proof. Let us consider a pair (A, SI), consisted of an artin local ring A together with 
a tuple SI := (Fi, . . . , F m ,p : G — > L n (A)), Let us consider the set of compatible 
tuples over A by F{(A) C Fi(-A). A morphism <f> : A — > A' of local artin algebras, 
induces the map SI — > Fi(</>)(S1), on tuples. In order to have a deformation condition 
we should check that 

(1) For every local artin algebras A, A' and morphism / : A — > A', if O G F{ (A) 
then Fi((/>)(S1) € F{(A'). 

(2) Let A,B,C be local artin algebras and a : A ^ C, [3 : B ^ C be two 
morphisms of local artin algebras. We form the local artin algebra 

A x c B = {(a, y) : x G A, y G B, a(ar) = /%)}, 

equipped with coordinate addition, multiplication, and scalar fc-multiplication. 
Let SI G F{ (A x c B) we want the following 

ft G F( ^ F x (a)(0) G F{(A) and Fi(/?)(0) G T[{B) 

(3) For every local artin algebras A, A' and every injective map f : A —> A', 
we want the following 

SI G T[{A) & Fi((/>)(fi) G T[{A'). 

Checking all this conditions is straightforward. A similar check can be done also 
for the functor F. □ 

Consider the functor Homk- a i g (R(G), •). Every fixed selection (Fi,...,F m ), 
Fi G v4[[t]]5 _1 , S := {t n , n G N} gives rise to a natural map of Hom a - a i g (R(G), ■) — > 
Fi and F(-) -> F. 

The compatability of tuples gives rise to a set of deformation conditions (that 
depend on the basis selection Fi, . . . , F m ) on Horrik-alg(R(G), •)• By lemma on 
page 279 of we have that the deformation conditions on Hom,k- a ig{R(G), •) 
give rise to a representable functor Hom(R(G)/I, •), represented by the fc-algebra 
R(G)/I, where I is a suitable ideal, that depends on the selection of Fi, . . . , F m . 

Lemma 4.7. The ideal I is an ideal that is generated by polynomials on the vari- 
ables Xf u , g G G, 1 < i < m, i.e. the deformation condition does not involve the 
variables X? m v . 
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Proof. The set of compatibility conditions (|14fl give the following conditions on 
R(G): For every g the unique solution Y of 

m 

u m (Y) = Y m J2 X l» X l 

should satisfy the equations 

i 

u i (Y)=Y i '£xlF v (t), 

for every 1 < % < m. □ 

Proposition 4.8. There is a natural transformation from the functor T' to the 
functor D. 

Proof. Let A S Ob(C) be a local Artin algebra with maximal ideal wia- Consider 
the n dimensional fc-vector space L(mP), together with the flag L(iP),i < m of 
vector spaces. 

Every tuple in T{A) gives rise to a sequence Li of free A-modules where 

U := A (F u ...,F t ), 

so that Li ®a k — L(iP) and an action of G on them that is a lift of the action of 
G on the spaces L{iP). 

Since the tuple fi :— {F\,. . . ,F m ,p : G — ► L n (A)) is compatible we get an 
automorphism a(t) that defines an equivalence class <E D(A). 

Let A, B we local artin algebras and consider a morphism g : B — > A. For every 
tuple ft := (Fi, . . . ,F m , p : G — * L n {B)) e F{B) the map !F{g) gives the tuple 

If a denotes the automorphism of Aut£?[[f]] that corresponds to Vl then g(a(t)) 
is the automorphism that corresponds to J r (g)(ri). 

□ 

Example Consider a functor that is represented by a complete ring that is 
not a domain. For example let R = k[[x\, x^/x\ x\. Then the tangent space 
Hom(i?, k[e]/e 2 ) is two dimensional generated by the maps 9i(xj) = Sije, but the 
arbitrary linear combination 9 = \\9i + A2#2 could not lift to a homomorphism 
9 : R — > k[[e]], since 9(xi) 3 9(x2) 4 = and k[[e\] is a domain. 

In case R is a domain the following lemma shows that infinitesimal deformations 
are unobstructed: 

Lemma 4.9. Let R be a complete local k-domain, and denote by m the maximal 
ideal of R. Suppose that k = R/m is algebraically closed. Let A be an Artin local 
ring, an suppose that A = k[[a\, . . . ,a s ]]/I. Every element in Homfc(_R, A) can be 
lifted to Homfc(i?, fc[[ai, . . . , a s ]]). 

Proof. By Noether's normalisation lemma 9, cor. 16.18] there are elements x\, . . . ,Xd € 
R such that R/k[[x±, . . . , Xd\] is a separating integral extension. A function g : 
k[[xi, . . . , Xd}} — * A, given by g(xi) = fi(a\, . . . , a s ) can obviously extend to a func- 
tion g : k[[xi, . . .,x d ]] fc[[ai, . . .,a 3 ]]. 

Now if y e R, is an arbitrary element satisfying a separable equation ^^i—Q ^iV l i 
bi G fc[[xi, . . . ,!„]], then Hcnscl's lemma implies that the equation ^"_ g(bi)T % 
has a unique solution T, extending the solution of Yh=o dd 3 )^ °^ the equation 
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taken modulo mj; recall that the field k is algebraically closed, and g(t) = t for all 
t £ k. We define this unique solution to be the value of g at y. □ 



Using the criteria of Schlesinger |25|.|21l p. 277] J.Bertin A. Mezard [H] were able 
to prove that the deformation D admits a hull. We have seen in 13.211 that the 
subfunctor T> also admits a hull. 

This means that there is a complete ring R and a smooth map of functors 
D(-) — > Horrik-aig{R, •), that induces an isomorphism on the tangent spaces. The 
hull R might not be a domain. In order to study its dimension we factor out 
nillpotent elements obtaining R/\^0, a ring that corresponds to a variety. We will 
study the rings of the irreducible components. We observe first that the rings R and 
R/VO have the same Krull dimension, and hence the Krull dimension of R equals 
the maximum dimension of the rings that correspond to the irreducible components 
of R/VO. 

Let Ri be a ring, corresponding to an irreducible component of R/y/0. There is 
an onto map R —> Ri, that gives rise to an injection 

Rom k - alg (Ri, •) -> Rom k - alg (R, ■). 

We will use that fact that Ri is a domain together with proposition 13 . II in order to 
construct a map Homk- a i g (Ri, ■) — > F{-)- We will need the following: 

Lemma 4.10. Suppose that R = Ri is one of the rings defined above. Let A be an 
Artin local k-algebra and suppose that A — k[[a±, . . . , a s ]]/I. There is a noetherian 
complete local domain k[[a\, . . . , a s ]]/I', a sequence of small extensions 

(16) fc[e]/(e 2 ) =A £-A 1 ^.:£-A i £2 A l+1 «- • • • <- k[[a u a s ]]/l', 
such that A = A n for some natural n, and the following diagram is commutative: 

V{A i+1 ) ^ Hom(i?, Aj+i) 



■D(<t> i+ i) 



Hom(^ i+ i) 



V(Ai) ^ Hom(i?, Ai) 

Moreover, for every element 7 S Hom(i?, A) there are elements 7^ in Hom(i?, A4) 
and 8 t G V(Ai) such that Hom(^ i+1 )(7 !+ i) = 7, and T>{<f> i+1 ){8 i+ i) = Si. 

Proof. Let A be an Artin local ring expressed as A = k[[ai, . . . , a s ]]/I. The exis- 
tence of the sequence 11160 is clear. Lemma FOl implies the existence of the sequence 
of elements 7; that are compatible with the maps Hom(^j). The existence of the 
elements Si compatible with the elements T>{(f) is implied by smoothness of the map 
V{-) ->Hom(i?,-). □ 

Lemma 4.11. There is a natural transformation q : Homk- a ig{Ri, •) ^ ^'{')- 

Proof. Start with an element 7 in Hom(i?i, A) for an Artin local ring A. Construct a 
sequence of small extensions and maps as in equation i|16fl of lemma R.lOl By lemma 
14. 101 there is a sequence of deformations S{ £ T>(Ai) that leads to a deformation in 
T>(k[[a\, . . . , a s ]]/I'), where /c[[ai, . . . , a s ]]/I') is a notherian local complete domain. 
By corollary 13.111 we obtain a deformation X — + Specfc[[ai, . . . , a s ]]/I' , and using 
corollary 13. 151 we obtain an clement q(j) £ J 7 ' {A). □ 

23 



We have the following picture: 



Hom fc _ o/3 (i?i,-) 



Uom k -ai g {R, •) 



smooth 



V{.) 



The above diagram induces the following diagram on the tangent spaces: 



(17) 



Hom fc _ a/ff (i? l Me]) 




a 



Rom k -ai g (R, k[e]) 



b 



P(k[e]) 



V(k[e}) 



Where I = b o a is an injection. 

Proposition 4.12. The map tp, induces an isomorphism between the k vector 
spaces T'(k[e\) and lxsx(£). 

Proof. By construction £ induces an isomorphism between Hom / t_ a ; 9 (i?i, k[e]) and 
lm(£). Let v £ lm(£), we find the inverse £~ x (v) and take Since the 

diagram Ijl7|l is commutative, the map ip is onto lm(£). 

We have seen that Hensel's lemma implies that every deformation in J 7 ' (A) 
gives rise to a unique deformation in T> (A). This proves that the map ip is 1-1 and 
moreover Im(^) = lm(£). □ 

Corollary 4.13. If the ring R/VO is not a domain, then all rings Ri that cor- 
respond to irreducible components of Speci?, have the same dimension, equal to 
dim/c J-'(k[e]) = dimi?. Moreover every infinitesimal deformation in ij)(!F' {k\e\)) is 
unobstructed. 

Proof. We have shown that dmik T'{k\e\) = dinife Im(^), and dimfe T'(k[e]) does not 
depend on Ri. On the other hand every infinitesimal deformation in %p(!F'(k[e])), is 
the image of the representable functor Homfe_ a / ff (Ri, •), and this implies the desired 
result. □ 

Examples: 1. n = 2. This is always the case if p > 2g — 2, because the first 
pole number is smaller than 2g — 2. Automorphisms of curves with this property 
were studied by P. Roquette in [2"4] . 

The group G\(P) is an elementary Abelian group isomorphic to a subgroup of 

{(ay)i,j=i,2 : «ii = «22 = 1, an = 0}. 

We will check whether the assumptions of the lifting criterion of corollarv l3.16l are 
satisfied. If the automorphism group G is cyclic of order p, then every irreducible 
component of the ramification divisor is by construction G- invariant, and the orbits 
are singletons. If the group G is elementary Abelian with more than one cyclic 
components of order p, and there are no singleton orbits, then all orbits have order 
divisible by p. By comparing the Artin representations at the special and generic 
fibres using proposition 13.41 we obtain that the order function of the ramification 
filtration is a multiple of p. Thus, p\m + 1, a contradiction. Thus the functors T>, D 
are equal. 
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Since the representation is two dimensional the conjugation action on the ring 
R(G) is trivial, and the functor F is representable by 

R(G) := k[[tx, ■ ■ ■ , ii ogp (|Gi(P)|)]]- 
The dimension of the tangent space of F and the krull dimension of the hull is 

logpddCP)!). 

Remark: A comparison of this result with the computation of J. Bertin, A.Mezard 
for deformations of the cyclic group Z p Th. 5.3.3] gives us the nontrivial result: 
for the smallest m such that dim L(mP) = 2, m < p — 1. 

2. n = 3, Ordinary Curves. We will use the tools developed so far in order to 
study ordinary curves with n = 3 and compare our results with the more general 
results of G. Cornelissen- F. Kato |B] (where the decomposition groups could have 
elements prime to p as well). 

We will use the notation from example 3. of page El Let Pij(g) be the represen- 
tation matrix. We have /932(g) = ci(g) and p%i{g) = Xci(g). 

We form the ring R(G), generated by X%{, -X31, X^. We observe that there are 
the relations Xfj = AJffj, A e R(G),A = Amodm fl(G) . Since Xf 2 = X^ = 

xZ[z(x$$,u., 

(18) X§i = X»f(X%). 

Thus the only independent elements are X^- 

We will now study the image of Honifc_ a j s (R(G), k [e]) — > F(k[e\), i.e., we will 
study representations to L n (k[e\) modulo the conjugation action. Let 

p\g) : Gi(P) -> L n (k[e]) 1 = 1,2 

be two equivalent representations, with representation matrices 

1 0\ / 

P2i(g) 1 +e LiiG?) 
v P3i(.g) P32(g) I J \ali(g) ah(d) 

be a matrix that transforms by conjugation p 1 to p 2 . 

This is equivalent (recall that e 2 = 0) to 

(19) 4i(.9) = a 2i(.9), 032(5) = °32(ff)> 
and 

(20) «3i(.9) + ^21(5) - 0^32(3) = 031(5)- 
We express equation l(T%|l as 

(21) Xfj = Xf* (a + a x X» + a 2 A|j 2 + •■■), 

where are polynomials in all variables except A|j. The representations p l {g) are 
images of maps /j 6 Homfc_ a ; s (R(G), k [e]). By taking the functions on l(2"T|) we 
compute (recall that e 2 = 0) : 

defl(/) \ deg(/) 

ak(5) I l-/032(fl) a i i P3l{9T~ 1 =032(5) X! "^Sl^i) 4 - 

i=l y i=0 
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Therefore, if ®J Si (paiidi)) 7^ 1; then the value a l 31 can be computed from the 
values of a 21 and Pij(gi). In particular, a^^g) = a^^g). If on the other hand 
dX Si {psiiSi)) = ^' then the value is independ of the values a 9 2 \ and Pij(gi). 
This, is not possible since the map c\ defined in © considered on the generic fibre 
has to be faithfull. 

We identify the set of representations Gi(-P) — > L n (k[e]), with the set of homo- 
morphisms of additive groups Hom(Gi(P), k) which is of dimension log p |Gi(P)|. 
By H2Q(I we have = bp2i(g) — ap^g) = (bX — a)p32{g), and since a, b are ar- 
bitrary this means that /532(g) = and the tangent space of F(k[e\) is identified 
by Hom(Gi(P), A:)/p32((?), i.e. the group homomorphism /532(g) : Gi(P) — s- A; is 
considered to be zero. This is a space of dimension log p |Gi(P)| — 1, and this result 
coincides with the result of G. Cornelissen, F. Kato. 

3. p-cyclic covers of the affine line. We consider in this case deformations 
of the curve defined in example 4. of page0 So we consider the curve X : w p — w = 
x p +1 , and let G denote the p-part of the automorphism group of X. In this section 
we will consider deformations X — ► SpecA of the couple (X, G), where A is a local 
integral domain. 

Consider the Galois group H' := Gal(X/Pj,) = Z/pZ, a cyclic group of order 
p. Denote by Defc(X), Def' H (X) the global deformation functors of the curve 
X with respect to the groups G, H' respectively. The group G acts freely on the 
completment of the generic fibre of X — > SpecA, and J. Bertin, A. Mezard in 0] 
proved that there is a well defined map ind : Defc(A) — > Dei G / H i(X/H'). That 
means that md(X/H' -> SpecA) S Def G/i ^ (X/H') is a deformation oiX/H' = P 1 . 
But such a deformation is trivial i.e. X/H' — F\ — > A. Therefore, the generic fibre 
X 7] — > SpecQuo(A) = SpecA:, is a cyclic extension of P 1 , and is given in terms of an 
Artin-Schreier extension: there are functions W, X on the generic fibre of X, such 
that 

W p -W = f(X), 

and f(X) e k(X). Let us write f(x) — Y\fi/Y\gi, where fi,gi are irreducible 
polynomials in k[x] and since k is assumed algebraically closed all are of degree < 1. 
The places ramified in the cover X v — > P 1 correspond to the poles of the function /. 
If there are polynomials gi of degree 1, then there should be polynomials fi so that 
g\ = fi modmA, since at the special fibre only 00 is ramified. But this situation 
does not give as a proper relative curve, since any point on the generic fibre gives 
rise to a unique horizontal divisor intersecting the special fibre at a unique point. 

Thus, by deforming the curve X we deform the polynomial fo(x) = x p + , and 
since the genus of every fibre, that is depended on the degree of /, has to remain 
constant, we deform / by adding lower degree terms diX 1 , i < p s + 1, such that 
a L = modm. 

Let Gi(oo) be the p-part of the decomposition group at 00. According to [171 
prop. 8.1] we have Ad xP *+i(Y) = Y + Y p2 \ and Ad f (Y) = Eo<a< s *f ^Y pS ^ + 
t\ Y p thus the group H := Gi(oo)/Gal(A/Pj,) is an elementary abelian group 
of order p 2s . The group Gi(oo) is an extraspecial group, i.e., an extension of a 
p-cyclic group by an elementary abelian group. For the center we have Z(G) = 
Gal(A/Pj,) = Z/pZ. Let us fix elements B = {gi, i = 1, . . . , 2s} in Gi(oo) such that 
their image in H form a basis of H as an Z/pZ- module of rank 2s. The elements 
gi generate Gi(oo). Indeed, the group (gi) generated by g^s is of index 1 or p 
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in Gi(oo) and by Sylow theorems normal. If the index is p then the quotient is 
abelian, therefore [Gi(oo), Gi(oo)] C {gi). This implies that Z(G\(oo)) C (gi), a 
contradiction 20 . 

To each gi we associate the variables X?j , i > j. Let X be a function on X 
that reduces to x on the special fibre. Instead of studying arbitrary liftings in 
L S+ \(A) and then computing the effect of taking the conjugation equivalence on 
the Krull dimension, we will choose a suitable basis on Li. We choose the elements 
{1, X p , X p , . . . , X p , W} as a basis for the free A modules Li of proposition l3.il 

An element gi € B corresponds to the automorphism given by 

(22) X^X + XH,W^ W + f Bi (X), 
where 

s-1 

f gi {x) = Y, x iu,» xpV - 

The elements Xf* for 2<i/<s,l</i<s are expressed in terms of X%{ by 
expanding {X + X^lY- We also observe that the variables X^' +1 v are also depended 
to X${ in the following way: Let A(/)(Jf, Y) := f{X + Y) - f(X) - f(Y). Then, 
according to ^| section 5] we know that 

A(f)(X, Y) = R(X, Y) + (Id - F)P f (X, Y), 

where Pf (X, Y) is uniquely characterised by 

P f (X,Y) = (ld + F + --- + F n )A(f) mod{X pS ~ 1+1 ), 

for any n > s. Moreover, to every root y of Adf(Y) corresponds an automorphism 
X X + y, W h-> W + Pf(X, y). These results combined with express the 
variables X 9 ^ +l v as functions of X^l, since 

s 

The desired deformation ring is given as a quotient k\X^ x : 1 < i < 2s]//, where / 
is an ideal generated by all relations among the elements X^[ ■ 

Moreover for the the polynomial AdfiY) = Y^J=o a vY v we have 

0<A<s 

This means that the coefficients must obey the following relation: 

(23) a s+x = a p s _ x 

for all A = 1, . . . , s. Since X^[ are all roots of Adf(Y) we see that the condition 
(|23|l on coefficients implies conditions on X^l- In order to describe them we need 
to recall some theory on additive polynomials. Set 



A(xi, . . . , x r ) — det 
We will need the following 



( X\ ■■ ■ x r ^ 
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Proposition 4.14. A polynomial is additive if and only if the set of its roots is 
an V p -vector space. If x±, ...,x r form a basis of an ¥ p -vector space then a monic 
additive polynomial with these roots is of the form: 



= A{ Xl ,...,x r ,Y) 
A(x 1 ,...,x r ) 

Proof. QT1 th. 1.2.1,lemma 1.3.6] □ 



The additive polynomial Adf(Y) is given by 

M ^ Y) - C A(XH,...,Xi?) ' 
where c ^ 0. For the coefficients ai of Adf{Y) we have the following formulas: 

A(Xji, ■ ■ ■ i X 2l) _ „ 



O 2 s 



A(XH,...,Xi?) 



A(XH,...,X§?)p 



c-A(xn,...,x$i°y-\ 



The condition a2 S = a-o , implies that 

(24) c = C p 3 A{X${ Jtg , )*'<P- 1 > 



For < A < s, equation a s+ \ = a^_ x implies 



(25) 



3-det 



V92s 

A 21 



(xi±r 



(xny 



(xnr 



(x$i°y 



'•det 



(xny- 

(xitr + 



(x$?y J 



(XII 



\(xny 



(x$?y \ 

(xii-y- 1 
(xiry +1 



(x|f)p 2s+ V 



We are now going to look at the problem of finding the Krull dimension from the 



infinitesimal point of view. Write X%[ mode 



eAi, where X i IS cl basis for the 



vector space of the roots of AdfiY) mode = Y p + Y. According to 14. 131 we have 
to compute the dimension of the vector space in the coordinates Ai . Observe that 
since p > 2 for every a, b £ k we have (a + eb) p = a p + e p b p = a p mode 2 . Therefore 
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(|24[1 does not give us any information, while (|25[1 is transformed to 

(xx+eAx ■■■ x 2s + eA 2s \ ( A x ■■■ A 2s \ 



det 



'2 s 



V 



= det 



' 2s 



'2s 



V 



= o 



'2s 



/ 



The later equation gives a linear equation in A\, . . . , A 2s that has as solution space 
a 2s — 1 dimensional subspace. Let us denote this subspace by V\. Observe that 
all vectors v v :— (x\ , . . . , x\ s ) for v ^ s + A are in V\. The vectors (x\ , . . . , x^ s ) 
are linear independent since A(xi, . . . ,x 2s ) = 1^0 |1 II lemma 1.3.3 ]. Therefore 

V\ = (v v : 1 <v< 2s,v^\ + s). 

All conditions we obtain from all comparisons of coefficients form the vector space 

V := ni< A <s^A, 

that is clearly a vector space of dimension s. This is the desired Krull dimension. 
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